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Abst rac t - -Two simplified methods were developed, one by Mazumdar [1] and another by Baner- 
jee [2] for the study of large amplitude transverse vibration of thin homogeneous isotropic elastic 
plates. The present method is a modification ofthe above two approaches for the analysis of large 
amplitude transverse vibration of thin isotropic, homogeneous sandwich elastic plates of arbitrary 
shapes. As an illustration of the method, an interesting example of the vibration of a sandwich 
parabolic plate with an isotropic ore is examined. Graphs corresponding to numerical results are 
drawn and compared with available results. Q 2001 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
The field of sandwich construction has gained importance in recent years as a result of improve- 
ments in manufacturing techniques. These structures are liked by the design engineers due to 
their light weight and high sustaining capacity of heavy compressive loads. As new manufactur- 
ing methods are now being developed which make the use of sandwiches economically feasible, 
the collection of more research data is becoming increasingly important. 
The first significant contribution to an understanding of the behaviour of sandwich plates was 
presented by Reissner [3], who showed the effects of shear deformations and core compressions 
which differentiate the sandwich theory from the ordinary plate theory based on the Kirchhoff- 
Love assumption. Since then, numerous papers, mostly on small deflection theory, have been 
published iscussing analytical and experimental results of studies dealing with statically loaded 
plates and shells [4-11]. 
Kamiya [12] has offered a new set of governing equations by using Berger's approximation [13] 
on large deflection theory to study the nonlinear static behaviour of sandwich plates. But, 
this attempt has been restricted to plate geometry due to introduction of a correction factor. 
Although Berger's method has been applied for the large deflection analysis of ordinary plates 
and shallow shell problems, this method completely fails for movable dge conditions. Alwan [14] 
and Nowinski [15] have also derived equations of sandwich plates with orthotropic ore for the 
analysis of large deflection. Another set of governing equations has been deduced by Dutta and 
Banerjee [16]. 
We express our sincere thanks to the referee for his valuable comments for the improvement of the paper. 
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The aim of the present study is to develop a simple and yet sufficiently accurate method based 
on the concept of 'constant deflection contour lines' proposed by Mazumdar [1] for ordinary 
elastic plates supplemented byanother approximate method given by Banerjee [2] to investigate 
the large amplitude free vibration of sandwich elastic plates of arbitrary shapes. A new set 
of governing equations has been obtained, and the case of a sandwich parabolic plate with an 
isotropic core is chosen as a model for the purpose of illustration. Application of the method 
on other boundary shapes is then quite straightforward. Certain typical values of the various 
parameters of the problems are considered for the purpose of numerical evaluation of the ratio 
of the nonlinear to linear periods for movable as well as immovable dge conditions. This study 
may be considered as an extension of our previous work [17]. 
2. FORMULATION OF GOVERNING EQUATIONS 
Let us consider the large amplitude transverse free vibration of a thin homogeneous elastic 
sandwich parabolic plate with an isotropic ore of thickness h as well as isotropic upper and lower 
faces of identical thickness tl; while the faces respond to the bending and membrane actions of the 
plate, the core is assumed to transfer only shear deformations. Moreover, compared to the core 
thickness h, the face thickness tl is supposed to be thin enough (tl << h) to ignore a variation of 
stress in the thickness direction of the faces. The xy-plane is taken to be the middle plane of the 
sandwich plate and the z-axis directed perpendicular to the plane. The intersections between the 
deflected surface z = w(x, y) and the plane z = constant yield contours which after projection on 
the z = 0 surface are the level curves called 'lines of equal deflection'. Let us denote the family 
of such curves by the equation u(x, y) = constant. If the boundary C of the sandwich plate is 
subjected to any combination of clamping and simple support, then clearly it will belong to the 
family of lines of equal deflection, and without loss of generality one may consider that u = 0 on 
the boundary. 
Let the transverse displacement of a point in its middle plane be denoted by w, which is a 
function of the spatial coordinates (x, y) and the temporal variable t. When the sandwich plate 
vibrates in a normal mode, the deflected form maintained by the sandwich plate at any instant 
may be described by the family of lines of equal deflection whose equation is u(x, y) -- constant. 
Let us denote the family of curves u = constant by C~. 
Let us consider a portion ~ of the sandwich plate bounded by a closed contour C~ at any 
instant . Using D'Alembert's principle and summing up in the vertical direction, one obtains 
the following dynamical equation: 
/.E o..io  0,. Qn ds+ Iph--~-+N,-~x2 + N~,oxoy+Nu~,2] d~=0.  (A) 
Here, Qn is the shearing force, and the rate of change of the twisting moment ~ is along the Os 
contour, and the line integral represents he upward vertical contribution of the resultant tractions 
exerted upon this portion by the remainder. Nx, N v, N~ u represent the membrane forces acting 
on a small element dR lying within the contour C~. The first term within the double integral 
represents he inertia force due to the vertical acceleration of the element d~, ph being the mass 
per unit area. 
By virtue of Hooke's law for isotropic elastic materials, the strain energy per unit area of both 
the faces can be represented as
Etl 1 (Or~' m 2 ( 1 Or Os) 
Vo f -  1--~2 (s~)2+-~\Ox ] +( 'u )  +2. emv'~+4Ox~y 
(2.1) 
+ (1-u){(7~)2+1(Or~2 l (as '~  2 larOs}] 
T -4 kay/  +~ t,a~) + 2 ay ~ ' 
Large Ampl i tude  Free V ibra t ion  515 
where 
m 1 m = 1 rn 1 
~x = 7 (~ + 4) ,  ~Y 7 (~ + @'  "Yxy = 7 (% + ~x'~) (2.2) 
are averaged values of both face strain components, cx u, c 1, etc., are strains in the upper and 
lower faces, respectively, and 
r = u ~ - u 1, s = v ~' - v 1, (2.3) 
where u ~, u 1, etc., are displacements in the upper and lower faces, respectively. Introducing two 
invariants of the averaged strains 
m m rn m 1 m 2 
si" = ~x + ~,  s;~ = ~ ~ - 7 (~x~) (2.4) 
into equation (2.1), we obtain (2.1) in the following form: 
Et l  
[(1[~)2 _ 2(1 - u) /~ 1)'0 f -  1--~,2 
1{ (Or )  2 (0s )  2 Or Os} l -u  (Or Os~ 2] (2.5) 
+~ N + N +2~'~N +--7- N+N/ j  • 
Since the shear strains of the core can be expressed as 
1 Ow 1 Ow (2.6) ~xz : ~ ( t t l  - -  ttu) Jr- 0-~' "fyz = ~ (V' - -  V u) "Jr- O-"-'y' 
the strain energy per unit area of the isotropic core due to shear can be obtained 
(2.7) 
Consequently, the total strain energy per unit area of the sandwich plate is 
v0 = ~0 s + v0 ~. (2.s) 
The strain energy expression (2.8) per unit area is then modified following a method similar 
to that utilized in [2], and equation (2.8) can finally be written as 
[ { (/} Et ,  + 7 \b-~-x) + v-  1_.2 UP/2 ~ (° )~ o~ 
+~ t, Ox ) + \@)  + 2 ,~ N + --7- N + -gTx 
where 
0 uO 1 (Ow~ 2 u (Ow~ 2 <2.10) 
S~m = ~ (uu + ~') + N (vu + v') + 7 \~)  + ~ \ 0y)  ' 
where X is a constant to be determined from the principle of minimum potential energy as given 
in [17]. 
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Applying Euler's variational principle so as to minimize the total potential energy of the present 
elastic system of the sandwich plate, we arrive at the following differential equations 
I~m = (9-'-X 9- U -F ~ \ (gX ] + u \ (gy ] J = constant = oL2C1, say, (2.11) 
where P = u ~ + u i, Q = v u +v l, and 
Etl 
2(l'--v~) 
Etl 
2(1-_-~,2) 
[ (9~ (92s 1 
00~2 + %--~y J + - -  
[ (9~ (92r 1 
(gy. +  0-- yJ + - -  
E.:. r . r  
4( l+v)  l(gy 2 + (gx(gyJ • ~ =0, (2.12) 
4(1 + u) /oox 2 + (gx(gyJ - ~-y = 0, (2.13) 
2Et I [(92w (92wl G, ((gr (98) 2Et I .[{ ((gw) 2 
l : -v  2I~m i (gx 2 +V-~y2J + ha'A2w- -~x + ~y + l ----k--~ -~x 
+\(gy) J A2w+2 ~ b-~-z 2+2 7y -Ofi+4-O-xx-Gy(9--x-b-y =0,  
(2.14) 
where 
(9 2 (92 
A 2 - _ _  +- -  (gx 2 (gy 2 
Rewriting equations (2.12) and (2.13), we obtain 
[ Etl .2 G_;] ((gr (gs) 
2( i - ;2~ a - ~x + ~ + a'~x~w = o. (2.15) 
Combining equations (2.14) and (2.15) and proceeding as in [2], we get 
2(1" ---v 2) G'(1 - u2) I~m I, (gx 2 + U-~Y 2 + hA2w 
gtl~ / [ ( (gw/2  ((9w~21 ((gw~ 2 (92w ((gw~ 2 (92w (2.16) 
+G' (1 -u2)  , L -  -~x  + t(gy] jA2w+2\ (gx]  -O---x2 +2\ (9y]  (gy 2 
(92~ (9~ (9~ 11 (92~ (92~ (92~ 
+ 4 (9x(9---~ (gx (gy ~J + a 's2~ + Yxb7 + 2YxY 0-7-~y + YYb-7 = o. 
Following the approach of Pal and Bera [17] and substituting the well-known expressions for 
Qn, Mnt, Nx, etc., and introducing (2.16) into equation (A), we obtain the following equation:. 
+ 
O3Wic RdS+(92Wic (gWic i ia  ( ph(92w (9u3 ,, ~ ,, F dS + ~u .<~ dS - u D D (gt 2 
2( / : -v  2) [G'(1 - u 2) \ (gx 2 + U-~y 2) + hh2w 
G'(1-v 2) [ [ \ (gx ) + t (gy ) j A2w + 2 \ (gx ) -O'~x2 -b 2 \ (gy ] (gy 2 
(2.17) 
..°.°.w)] ) 
+ 40-~y Ox ~y +G'A2w dxdy--O, 
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where use has been made of the fact that w and its derivatives with respect o u are constant 
and R, F, G are given by the following relations: 
R = -Df l  3/2, 
2 2 2 4Uxy%LxUy ] , F = -D~ -1/2 [3UxxU~ + 3uyyuy + uxxuy + uyyu x + 
3 (2 - ~)(Uxxx~U~ + u~ux + ~ + ~x~)  G = -D[3  -3 /2  [UxxxU 3 + uyyyUy + 2 3 3 
2 + (2u - 1) (UxyyUxU 2 + UxxyUzUy ) (2.18) 
- 2(1 ~)Uxy (u~u~U~x 2 2 -- -- ?l,y~xy -- Ux~Xy -t- UxUyUyy ) 
+ (1 - . ) (~x  - u~) (~x~ - ~ ) ]  
+ [2 (1 - - - - 
2 + u2y, D E t lh2 / (2 (1  - u2)), is the flexural rigidity, E is the Young's modulus, Here, /3 = u x = 
and a2C1 is to be determined from 
+ LtOxl +'tNz j (2.19) 
3. LARGE AMPL ITUDE TRANSVERSE V IBRAT ION 
OF  A SANDWICH PARABOLIC  PLATE 
As an illustration of the method, let us consider the large amplitude free transverse vibration 
of a sandwich parabolic plate with clamped edges. The complete analysis of the problem of free 
vibration of any plate would require the determination f all the frequencies and the corresponding 
mode shapes. However, if attention is confined to symmetrical forms of vibration, then from 
symmetry considerations, one may assume that the lines of equal deflection form a family of 
similar and similarly situated parabolas tarting from the outer boundary as one of the lines. Let 
the contour of the plate be bounded by the parabola 
and the line 
x 2 = 2(2a-  y) (3.1) 
y = 0 (3.2,) 
as shown in Figure 1. 
In agreement with the method outlined above, we will select for the equation of the lines of 
equal deflection as 
Evidently, this expression vanishes along the boundary of the plate. Calculation of the values 
of R, F, G, and/3 now gives 
73 = 4x2y 2 + a 4 + a2y 2 + x 4 - 2a3y + 2ax2y - 2a2x 2, 
R = -D  (4x2y 2 + a 4 + a2y 2 + x 4 - 2a3y + 2ax2y - 2a2x2) 3/2 , 
F = D~3 -1/2 [24x2y 3+ (3a + 2y)(a 2-  ay -  x2) 2 -  16x2y (a 2 -  ay -  x2)], 
e = 013 -3/2 [2(2 - u) (a 2 - ay - x 2) + 8(2u - 1)x2y 2 (a 2 - ay - x 2) (3.4) 
-4 (1 - . )x  {4xy 2 (a2 -ay -  x ~) + 2x(a ~ -ay -  x~)~+Sx3~ ~ 
+ 2axy (a 2 - ay - -  x 2)} - (1  - u ) (2y -  a){2y  (a 2 - ay-  x 2) - -4ax2y2}]  
+ 

Large Amplitude Free Vibration 519 
Setting W = w/h and T = t/Pv/-P-h-~/D, we can transform equation (3.6) in the following form: 
2d3W d2W v 2 ~4(1 -u)  v2 -  
v -~-~v3+2v--~yv2+ ( v2 
4Ba2C1a2v } dW ( dd~13 - 2BhA v 2 
Bhv2 [ 2 2-~-v3 +4a3-a2+3v(a2-2) -av2(d2Wv 2 \ ~v 2 vl dW)]d---v 
2B2v 2 2u d3W 2 4a 2 - a - v 2 (d2W 1 
G' 2a2C1 a-2 - -  + 1 - + - -  (3.7) dv 3 -~ av 2 \ ~v  2 v ~v 
2h 3 h (1 1 2 
+A a-~v2(~v W)  (2 -3a-1)+v +~-~) (~v W)
h d2W dW 
a 3 dv 2 dv 
2v 
__  + 2h2(2a 2+ 1) 2 d2W _ v 2 
a4 v ~ ~ dv = O. 
4. SOLUT ION OF  THE PROBLEM 
Any conventional method may be used to solve the differential equation (3.7). Let us solve 
this equation by the principle of Galerkin, assuming W in the following form: 
W(v,T)=Wo(T)V 2(1 -v  2) (a0+alv2+a2v3+. . . ) .  (4.1) 
In fact, taking the solution in the form of equation (4.1), we shall assume for W the first term 
approximation as
W(V, T) = aoWo(T)V 2(1 -- v2). (4.2) 
It is to be noted that the first term approximation i  the choice of this deflection W is available 
in the open literature and yields sufficiently accurate results. Substitution of the above expres- 
sion (4.2) for W in equation (3.7) yields an error function e, which does not vanish, in general, 
since the expression for W is not an exact solution. Galerkin's principle requires that the error 
function ¢ must be orthogonal over the domain; that is, 
~o 1 evW dv = O. (4.3) 
Then, from the equations (3.7), (4.2), and (4.3), we obtain 
d2Wo(T) { 12.2857a2Bv B2(  ~ )}  
dr 2 h Gr 142 - 953.1428a- 306.8571 c~2C1Wo(T) 
- { 16.8571v - 243.7857 - (35 7143 76.7143-238.2857a) Bh}Wo(T) 
2857~ B2hA W, 2 T +(9.8571+2293 a3 ) ~a0 0( ) 
-- {9.7143BhA B2h2A (16868.571-23261.714a- 741371~4a2) }a2W3(r)=O. G,a3 
(4.4) 
The terms involving the in-plane displacements P and Q can be easily eliminated by considering 
suitable expressions for these displacements compatible with the boundary conditions, and by 
subsequent integration, we obtain 
a2C, = 2a2W~(T) hu 
3a2t I (4.5) 
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Equation (4.4), with the help of equation (4.5), then becomes 
(ao) (ao~ 2 
d2W°(T)dT_2 +//1Wo(T) +//2 --ff [W0(7)] 2 + #3 \ h ] [W°(T)]3 = 0, (4.6) 
where 
B2h2A ( 2857"~ 
//2 - G' 9.8571 + 2293 - -~] ,  (4.7) 
[ ( - -  ) B2h {v ( 2381 ) 
v2 - 9.7143Ah G,a2 ~ 95- -  - 635.4285a - 204.5714 #3=-h2 B 8.1905t l  a 
+ -~ 16868.571 - 23261.714a-  7413 
Making G' -~ ~,  we can easily identify the equation (3.7) with that  already obtained in [17]. 
For A = 0, we obtain the result corresponding to that of [13], and equation (4.6) reduces to 
d2Wo(T) (ao~ 2 
dT--------~--- + //1BWo(T) + //3B \ h ] [W0(T)]3 ---- O, (4.8) 
where 
/ /1B = //1, 
P2B = 0, (4.9) 
[ tl Gla2tl 95 a -- 635.4285a-- 204.5714 . 
When a 2 = 0, we can derive the equation for the movable edge boundary conditions, and in this 
case, equation (4.4) reduces to 
d2Wo(  -)
dT-------~ +//1MWo(T) +//2M[Wo(T)] 2~- //3M[Wo(T)] 3 = O, (4 .10)  
where 
//154 ---- //1, 
/ /2M = /12, 
B2h2A (16868.571- 23261.714a- 7413 71:2) } //3M = -h 2 {9.7143BhA + ~ . 
If the initial conditions are W0 = 1 and @ = 0 at r = O, then the solution of (4.6) can be 
written as 
w__~-~ : [1+(a°~2{3//3 5(#~22]2}11/2 
~1 k h ] 4 //1 6 ' (4.11) 
where Wl and w~ are the linear and nonlinear frequencies, respectively. 
5. NUMERICAL  RESULTS AND DISCUSSION 
For numerical calculation, we use the following values for the geometries of the plate and 
material constants [16]: 
a=lm,  
h=1.7× 10 -2m,  
t l  ~- 0.6 x 10 -3  m,  
E = 7347.201 x 106 kg/m 2, 
G' = 4218.4884 x 103 kg/m 2, 
v = 0.3, A = 2v 2. 
(5.1) 
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Figure 2 shows the graphs corresponding to the numerical results for a comparative study of 
the nonlinear to linear frequency ratios versus the ratio of the nondimensional amplitude for a 
clamped sandwich parabolic plate with immovable dges, as obtained in the present study [PS] 
and by Berger's method [13]. Figure 3 shows the graph corresponding to movable dges obtained 
in the present analysis, and no such graph is available through Berger's method, the reason for 
which has already been pointed out. This is the most important achievement of the present 
analysis. 
It is observed that the results of the present study are sufficiently accurate for both movable 
as well as immovable dge conditions. For sandwich parabolic plates, the maximum numerical 
difference in the different values of w~/wl given by Berger's method and the present study is 
only 0.083, although the percentage in difference is significant. This is due to the fact that 
Berger's method is purely an approximate one based on the neglect of e2, the so-called second 
strain invariant in the potential energy expression, whereas in the present study, no term in the 
potential energy expression is neglected, but rather is modified through a modified technique 
which helps not only for the improvement of the results in the case of immovable dges, but 
also in the determination f the results for the movable dge boundary. Thus, the results of the 
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present analysis are more accountable. As the results for the present problem are not avai lable 
through any other method,  it has not been possible to compare the results of the present analysis 
with them. Furthermore,  it may be re i terated that  the results for the sandwich plates of other 
shapes can be obta ined from a single differential equation, for different choices of u for different 
contours; as a result, the method described here seems to be more advantageous than those of 
the previous authors.  Finally, it may also be pointed out that  the calculat ions of R, F, G for 
sandwich parabol ic  plates are a l itt le more involved than those of the corresponding results for 
other plates. 
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